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The well-known Higgs mechanism[|l|, ^, ^ that involves an elementary scalar field may not be the 
unique scenario to spontaneously break the gauge symmetry of the standard electroweak theory [Q]. 
A dynamical symmetry breaking (DSB) due to the condensation of some fermion-antifermion pair 
may also generate masses to the gauge bosons, a typical example borrowed from superconductivity 
is the Cooper electron pair. Another example is the nonzero vacuum expectation value of massless 
quark-antiquark pair, its condensate breaks the QCD chiral symmetry. In all cases, nonzero numbers 
must be assumed to break the symmetries, i.e. (0| <1> |0) / 0, (0| e^ e" |0) / 0, (0| qq |0) / 
respectively in the standard Higgs mechanism, the Cooper electron pair in superconductivity, and 
quark-antiquark pair in QCD. 

With DSB, in order to have large values for the W^ and Z° weak boson masses, there must exist be- 
yond the standard model some new attractive interaction with sufficiently massive fermions involved 
which replaces the Higgs potential A<1>'* + /i^$^ with the wrong sign /i^ < 0. This idea has moti- 
vated the topcolor interaction ||5|, ^, 0, ||] and its extension!^, 10, |n|] as the dynamical breaking of the 



electroweak symmetry due to the condensation of the top-antitop pair since the top quark is the most 
massive elementary particles. A review of the top-condensation models with extensive references is 
recently available |p^]. 

An attempt is made in this note to establish a relation between the masses of the condensated fermion 



and the weak vector bosons W^, Z^. The Hubbard-Stratonovich transformation[13] applied to the 



functional integral method, previously developped by one of us[]14[] for condensed matter physics, 
turns out to be particularly powerful for treating the problem of fermion pairing considered here. 

We start by introduce a system of left-handed top and bottom quarks put into an SU(2) doublet: 

1 — O^c; 1 — ^e: 

ip^, a = 1,2 with V'i(x) = — - — Vb(x) , ip2ix) = — - — V't(x) , (1) 

and a singlet fermion x which is the right-handed top quark, 

Xix) = ^-^Vt(^) . (2) 

We further postulate that the effective four-fermion topcolor interaction - mediated by topgluons Qt 
- may be written in the form 

Qnt = xs{x)i'''''^{x)V^!^'ilJs.,p{x)x^'{x) , (3) 

VS = Gi^Xil't (4) 

with some strong coupling constant G having the (mass)~^ dimension. The quark color index is 
implicitly understood, however it is convenient to explicit the spinor indices a, • • • ,6 = 1 • • • 4. 
Starting from massless fields, the role of the topcolor interaction (4) is to dynamically generate masses 
to both the top quark as well as to the gauge bosons. On general ground, one would expect that these 
masses are functions of the coupling constant G and of the new physics energy scale A, as we will see 
later. We consider now the functional integral of the system 

Z = Jpi^] [DV^] [Dx] [Dx] exp {i/d'x [v^'^'"(x)(^)^V'a,/3(x) +r (x)(^)^xMx 

X exp |i / d^x X5(x)?''"(x)V^^^Va,;3(x)r (x)| • (5) 



• (6) 



For the free fermion system without Va^ interaction, the functional integral becomes 



Zo = / [DV'] [DV^] [Dx] [Dx] exp i / d^x V' ' (x)(^)(^Va,/3(x) +r (x)(^)(^X;3(x 



Let us introduce |[T4|] the dimensional (mass)^ auxiliary fields denoted by $Z,q.(2;) and ^ ' (x) which 
represent the fermion-antifermion system, where ^ is defined from $ as follows: 



^'5 ,lsta,/3/ 



(7) 



ci>;'"(x) = (70)^ <i>r'"(^) (70)^ = (70)^ [<pix)) (70)^ . 

The associated functional integral for these auxiliary fields is 

Zo* = y"[DcI>] [D¥] exp|-iy'd^x¥r(x)Vf,^2./3W} • 

Now we apply the Hubbard-Stratonovich transformation[|T3|] to the interacting part of the action (3) 
in the functional integral, and get 

exp|iy'd^xx5(x)?^'"(x)Vi^,^,,^(x)r(x)} = ^|[DcI>][D¥] exp j-il d^x^r (x)Vg<52^^(x] 



X exp < — i / d X 



A;'''(x)^,,^(x)x^(x) + x^(x)V''"(x)Af,„(x) 



where 



Ai.(x) = <$i,^(x) , a;'^(x) = c^r (^)K.'f • 



(8) 



(9) 



Physically, the Af ^ (x) defined above represents a bosonic field which is a bound state of the fermion- 
antifermion pair due to the strong interaction Va-^ . It is not necessarily a scalar field and it has the 
canonical (mass)^ dimension. 

Substituting the expression (8) into the r.h.s. of (5) and integrating out over all the fermionic functional 
variables ■i/'aj V' 1 X; X > we can express Z as a functional integral over only the auxiliary fields ^1g{x) 
and $ ' (x), thus 



Z = ^ /[DcDlpcD] exp (iSeff [$,!]) 
with some effective action [pH] 

/oo 
d^x¥r(x) ^%KA^) + ^ W(2°) [A, A] , 
n=l 



(10) 



(11) 



and W^"^"^' [a, a] is a functional of the n-th order with respect to each kind of fields A^q(x) and 
A ' (x). In order to write PF^^"^ [A, A] in a compact form, we introduce the 4x4 matrices Aa(x) 
and A {x) with the elements 



Aa(x) =AX„(x) , 



A'^fxl 



Ar(-) 



Then we have 



T^(2) 



[A, A] =\j . 



d*x dV Tr 



A'^(x)S^(x-y)Aa(y)S^(y-x) 



(12) 



T^W [A,A] = ^/d^xi dV d^X2 dV2 Tr [a^(xi)S^xi - yi)Aa,(yi)S«(yi - X2 



X A^^(X2)5^(X2 - 2/2) Aa, (2/2)^^(^2 - Xi) 



(13) 



VF(2") [a, a] = - / d^xi dVi • • • d^xn dVn Tr 



A^^(xi)S^(xi -yi)Aa,(yi)S^(yi -X2) 



X • • • A^"(x„)5^(x„ - yn)Aa„(y„)5«(y„ - xi) 



(14) 



where ^^(x — y) and ^^(x — y) being respectively the propagators of left-handed and right-handed 
massless fermions, 



1 -75 



1 + 75 



^5^(x -y) = -^S{x - y) , ^5^(x - y) = ^y^S{x - y) . 
From the expression (11) of the auxiliary fields effective action, we derive the field equations 



Ai.{x) = Vi^Yl 



„=i d A^' (x) 



(15) 



(16) 



The bosonic fields A^^(x) and A ' (x) which describe the quark-antiquark systems bound by the 

strong interaction Vay must be the solutions of the field equations (16). 

Among the most general bosonic field A2,q (x), let us consider now a special class of the scalar Aa(x) 
by making the projection 



Alaix) 



AV (x) 



1 + 75 
2 

1 -75 



Aa(x) , 



A!(x) . 



(17) 



In some sense, as we will see, this composite scalar Aa(x) substitutes the standard elementary Higgs 
field to generate masses to both the top quark and the gauge bosons. Associated to this particular 
Aa(x) case, the functionals (12) and (13) become 



ly (2) [A, A] = i I d^x dV A:(x) Aa(y)A(y - x) , 
VF(^) [a, a] = - /'d4xdVd^zdVA*(x)Aa(y) 



(18) 



where 



X Al{z)A],{w) n(x -y,y - z,z-w) , 



X{x-y) = Tv[S'^{x-y)S%-x)] , 



(19) 



(20) 



U{x-y,y-z,z-w)= Tr [S^{x - y)S^{y - z)S^{z - w)S^{w - x)] . 



(21) 



For the other functionals p^^^") [A, A] , n > 2, we have similar expressions easily generalized. They 
are all nonlocal functionals of the scalar fields Aa(x) and Aa(x). Each of them can be expressed in 



terms of a corresponding local functional of Aa(x) and A* (x) and their derivatives d^^d^ • • • d^/S.g^{x), 
Qf^d" ■ ■ ■ d^Al{x) to all orders. 

In the presence of the vector gauge boson fields [W^(a:)] and B^{x), the ordinary derivatives d^ 
must be replaced by the covariant ones D^, thus 

a^Aa(x) -^ D^Aa(x) = a^Aa(x) + i [K^{^)t Ab(x) , (22) 

\A,{x)t = 9 [W,{x)t + ^^B,{x)6l . (23) 

Up to the second order with respect to the first derivatives D^Aa(x), D^A*(x) and the first order 
with respect to the second derivatives D^Di^Aa(x) , D^DiyAa(x), we obtain 

W-(2) [A, A] = iy"d4x|A(°)(x)A:(x)Aa(x) + iA(2)(x)A:(x)D^D^Aa(x)| , (24) 
1^(4) [A, A] = ^|d^x{nW(x)A:(x)Aa(x)AS(x)Ab(x) 

+ n(2)(x)A:(x)Aa(x)A£(x)Z)^Z)^Ab(x) + J^(x)A:(x)Z)^Aa(x)Aj;(a;)Z)^Ab(x)} , (25) 

where 

AW(x)=y"dVA(x-y), (26) 

A(2) (x) = J dV (y - ^r (y - x)^A(x - y) , (27) 

n(°) (x) = I dV dS dV n(x - y, y - z, z - w) , (28) 

n(2)(a;) = /dVd^zdV (y - x)''(y - x)^n(x - y,y - z,z - w) , (29) 

r2(x) = / d^y d^z d'^w (y - x)''(w - z)^n(x - y, y - z, z - w) . 



(30) 



For W^^"^' [a, a] with n > 2, we have expressions generalizing (24) and (25). 

Now in both sides of the field equations (16), as well as in (24), (25) and their generalizations for 
l^(2n) I^A, A] , n > 2, we set the scalar composite fields Aa(x) to be equal to their vacuum expecta- 
tion values Aa which describe the condensate of quark-antiquark pairs. From (1) and (2), we note 
that among the two components A^ of the doublet, only the second component A^22 i^ ^ neutral 
field and could have non-vanishing vacuum expectation value, thus 

Ai°) = (5a2A (31) 



where A is some real constant that we put equal to the top mass A = Mf. This point can be seen 

from the term A^' {x)il^a.,i3{x))f (x) + x<5(2;)V' ' {^)^a.,a(.^) figured on the second hne of (8). With 
this constant value (31) of the scalar fields Aa{x), the field equation (16) reduces to 

N^-l -i f d^p 



1 

AG 



2Nc (27r)4 y p2 - M2 + ie ' 



(32) 



a5/3 



where the implicit number of quark colors A'^c = 3 is now taken into account in Vay of (4) and (16). 
The divergence of the integral in the r.h.s. of (32) may be handled by a momentum cutoff A written 
in a covariant manner, and we obtain the algebraic equation 



N- 



1 1 



xdx 



N' 



1 1 



2Nc 47r2 Jq X + M2 2Nc Att^ 



A' 



M? In ^ 



1 
G 



The solution of this equation does exist if and only if A satisfies the condition 

. 2 47r2 2Nr 
A^ > 



G N^-l 



(33) 



(34) 



From (33), let us denote by y = f{x) the positive solution of the equation ln(l + y) = xy in the 
interval < x < 1, then we have 



Mf 



A2 



/(^o) 



Xo 



1 



47r2 2Nc 
GA2 A^2 _ I 



(35) 



This equation, reminiscent of [[I^], determines M^ in terms of A2 and G. 

In order to derive the gauge boson masses, we substitute the constant value (31) of the scalar fields 
Aa(x) into the expressions of W^^"' [A, A], sum up all these expressions and separate out the 
quadratic term Af^Ai^ which contributes to the vector gauge boson mass in the effective Lagrangian 
^massi^)- We finally obtain 



where 



Ciassi^) = -^ {m? I [A,{x)]l [Af^{x)]l + M^J [A,ix)]l [A'^ix)]l} , (36) 

SL(p)SR(p)SL(p)SR(p)" 



I 



{2^Y 



Tr 



d^p- 



M? 



(37) 



J 



-1 i 



2 {2tiY 



Tr 



d^p- 



SL(p)SR(p)SL(p)SR(p)SL(p)SR(p) 



p / 



(38) 



S^{p) and S^{p) being the propagators of the free left-handed and right-handed massless fermions 
in momentum space: 



5^(p) 



1-75 i 



, S^ip) 



1 + 75 i ^ 



2 p2 + ie ' ^"^^ 2 p2 + ie 

Since I is divergent, we again use the cutoff A in a covariant manner and get 



Nr r^ dx 



iV. , A2 + M? 



87r2 7o X + M2 87r2 



'In-' ^-t 



M? 



(39) 



(40) 



The integral J is convergent and equals 



j=-^r ^" = -^^ (41) 



Setting 



iWf,)l = - iWf,)l = ^ [sinew Af, + cos BwZf,] , 



(42) 



(43) 



B^ = cos 9wAfj_ - sin 6'vi/^a' , (44) 

and using g sin 9w — g' cos 6w = 0, we obtain from (36) 



^Lssix) = -Ml W+{x)W'^{x) - -Ml Z,{x)Z>^{x) , (45) 



where the gauge boson masses are found to be 



^^--^M2ln^^*' 
'327r2 * m2 



Mw = Nc^Mf In ' ' , (46) 






M^ = Nr ^ ^i M? 



In 



A2 + M2 1 
M? "2 



(47) 



Equation (46) is reminiscent of the Pagel-Stokar formula Jl6[] which relates the charged pion decay 
constant /^ ps 131 MeV to the dynamically generated mass obtained in QCD for the up down quarks. 
From QCD to electroweak interactions, the f.,^ of the former is replaced by the vacuum expectation 
value V = [\/2Gf]^^'^ = 2Mw/g ~ 246 GeV of the latter. This may be schematically transcribed 
as: 

In QCD, the Pagel-Stokar formula relates /^ to m-u a- In dynamical symmetry breaking of the elec- 
troweak interactions, equation (46) gives v in terms of Mf. 

Furthermore, with g"^ + g"^ = g^ I cos2 0^y, we get from (46) and (47) 

M2 1 

^" Ml co50H.='+21n(^ + l)' ^^^^ 

The precision electroweak measurements at the 10^'^ level force the scale A of top-condensation 
models to be very high about 10^^ GeV when we compare experimental data with (46), (47) and (48). 

It is gratifying to note that using very different methods, we recover some results previously obtained 
in the literature [Q, [l^, [I^]. We also remark that in the standard Higgs mechanism, at the tree-level 
the parameter p is equal to unity. The correction Ap = |p — 1| can only come from higher order 
loops to which the top quark contribution at order g^ is quadratic in its mass Aft, thus|jT7|] 

^^ " 647r2 cos2 Qw M^ ' ^^^"^ 

The result (49) is in sharp contrast with the dynamical symmetry model discussed here for which the 
p parameter is already different from unity to zero order of the coupling constants g,g', as shown by 



equation (48). The unbroken global symmetry of the Higgs sector (translated by p = I) usually called 



custodial SU{2) symmetry! 18] of the electroweak theory is systematically violated by a smooth log- 
arithm of Mf. The patterns of custodial SU{2) symmetry breaking as illustrated by (48) and (49) are 
conceptually not the same. 

We now briefly discuss some phenomenological consequences of the top-condensation models, in 
particular the production and decay modes of the neutral scalar denoted by Ht which replaces the 
elementary Higgs boson H^ of the standard model. 

1- In general, whatever the schema invoked to dynamically generate the top and the W, Z masses, 
there must exist a triplet of new Nambu-Goldstone bosons resulting from the breaking of chiral sym- 
metry in the top-bottom system postulated in (1) • • • (4). They are absorbed by the W, Z to acquire 
masses as shown in (46), (47). Furthermore, a neutral CP-even state analogous to the a boson in 
QCD must exist, it is a scalar tt bound state denoted by Ht. Since the force postulated in (4) that ties 
top-antitop pair is so strong that it can dynamically generate such a huge 175 GeV mass, it is hkely 
that the biding energy is large in Ht and its mass could be smaller[|l^] than twice|^ the top mass. 
This is taken as a very rough indication of where to find Ht. 

2- The production cross section of Ht is governed by gluon-gluon fusion[|^] into ti pairs, so that 
hadron colliders at the FermiLab Tevatron and the Cem LHC are appropriately the right places for Ht 
searches. On the other hand, the Z + Ht associated production by lepton colliders, e+e" — > Z* ^• 
Z+Hti& largely suppressed, since direct coupling ZZHt is absent. This is also in sharp contrast with 
the elementary Higgs boson H^ production dominated[[l7|] by the reaction e'^e~ ^ Z* ^ Z + H^, 
because direct coupling ZZH^ is large. 

3- Due to the nature of a strongly bound tt state, the Ht is leptophobic, and "almost" hadrophobic, 
i.e. it cannot decay into leptons and "light" hadrons made up by the first two families up, down, 
charm, strange quarks at the tree level (lowest order of the coupling constants g, g'). Indeed, the 
Yukawa direct couplings of Ht with leptons and the first two families of quarks are absent, contrarily 
to the standard elementary Higgs boson H^ case. Therefore the Ht although so massive would have 
a very narrow width (only a few GeV) in sharp contrast with the standard elementary Higgs boson 
H^ which has a width[17] around 18 GeV for a hypothetical 350 GeV w 2Mt mass. The decays of 



Ht into "light" hadrons can only proceed through gluons emission, similarly to quarkonium J/ijj and 
T decays which are suppressed by the Okubo-Zweig-Iizuka (OZI) rule reflecting QCD asymptotic 
freedom. 

4- The most distinctive signatures of Ht would be its dominant decay modes into the bottomonium 
T and an energetic photon or T accompanied by the Z weak boson, as depicted by Fig.l. This 
comes from the special situation of the third family top-bottom quarks which have the additional 
topcolor interaction - mediated by topgluons Qt - thus destroying the universality between the three 
quark families. Due to the non-universal character of the top-bottom system which does not possess 
the Glashow-Iliopoulos-Maiani (GIM) cancelation, flavor changing neutral decay of Ht into tc + tc 



channels is another spectacular signature[19] of the top condensation models. 
The ratio T{Ht -^ T + Z)/T{Ht ^ T + 7) is found to be 



TjHt ^ T + Z) 
T{Ht ^ T + 7) 



4 sin 9w cos 6w 



2-3«m^H.j +^ 



1 






0.8 . (50) 



Finally we remark that hadronic decays of Ht must proceed into bb pair through two topgluons Qt 
exchange in Fig.2. These dominant decay modes into B*, B mesons Ht -^ B*{B) + B {B) are OZI 
unsuppressed. 
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Figure Captions 

Fig.l Ht^T + Z(j) 

Fig.2 The OZI unsuppressed Ht ^ B (B) + B*(B) by topgluons Gt exchange 



